Decaying Dice Teachers Guide

Prerequisite Expectations
This activity project is an introduction to exponentially decreasing functions.  It is meant to be used after a lesson of exponential functions (particularly, a lesson with a perfect reduction/growth rate).  This activity highlights the differences in what is expected in theoretical mathematics vs the messiness/imperfections of the real world.  
Materials
· A collection of at least 60 dice.  The more, the better.  Much less than 60 dice will make it difficult to differentiate between linear and exponential models.
· (Optional) aluminum trays.  One tray per group to throw dice in.  This will help keep the dice from rolling everywhere   
Objectives
1. To reinforce the idea of exponential decreasing functions in the real world
2. To set up an exponential equation for the number of dice expected to be remaining after each roll.
3. Understanding the Law of Large Numbers.  To highlight the differences in what is expected in theoretical mathematics vs the messiness/imperfections of the real world.  Particularly, to recognize that what is expected is not always what actually occurs and to grapple with the question: “If what actually occurs differs from what is expected, then why is it expected or what good is an expected model?”  
Teachers Guide (~45 minutes)
1. Separate students into groups of 3-4 students so that each group has at least 20 dice (but the more dice, the better!).    
2. Each group should have the student page in front of them.  
3. Set up the MS Excel file “Decaying Dice Simluation.xlsm” on the projector.  Select the “Class Data” tab at the bottom of the spreadsheet. 
· Depending on the version of MS Excel, you may get a Security Risk Warning:
[image: ]
If this is the case, the Macro-Enabled buttons will not work directly.  To get it to work, you must close it down.  Open up your File Explorer and look for the file “Decaying Dice Simulation.xlsm” (it might be in your Downloads folder). Right-click on the file and select Properties.  In the General tab, at the bottom, under Security, check the box that says Unblock, and select Apply and open up the file.  It should work now.
4. Click “Reset” to begin.  If you have more than 5 groups, you can right click on the column that has “total remaining dice” and insert a column to the left. 
5. Pass out dice to each group as evenly as possible.
6. Instruct each group to:
a. Record the number of dice 
b. Roll all of the dice
c. Remove all of the dice that display 1.  
7. Repeat step 6 until all dice are removed. Stop when the Total Remaining Dice is 0.
8. Record each group’s data in the appropriate column in the spreadsheet and display on the projector.
9. Create a line graph of all the groups by clicking the “Create Graph” button.
10. NOTE: If you don’t have enough dice, you can use the simulator in the “Simulation” tab. You will first be asked to enter a number of dice, then you click the “roll dice” button for each roll. The program will automatically remove the dice displaying 1 before the next roll. 
11. Discuss results.  
a. Is this what is expected (more/less)?  
b. Is this precisely what is expected?  
c. Have the students fill in the table on their sheets with the class results and have them discuss in their groups how many dice they would expect to be present after each roll. They should work together to fill in the third column of the table by thinking about how ⅙ should be removed each time. Some students may already be thinking about how ⅚ of the dice should be remaining after each roll. Go around to each group and listen, giving guidance as needed. A this point they don’t need a formula to fill in the table.
      12.  Creating a general model for the number of dice remaining.
               Guide the class to come up with: 
where  is the initial number of dice and  is the number rolls.  To get the class to derive this equation on their own, you might create a table on the chalkboard (note: include decimals values in the right column)Suggested questions to guide the class:
i. By what fraction would you expect the number of dice to decrease with each roll?
ii. What fraction would you expect to be remaining after each roll?
iii. Say that you start with M dice. How could you use the number you found in part ii to determine the number of dice you expect to have after one roll? After two rolls?
iv. Write a formula to model the expected number  of dice remaining as a function of the number  of rolls. 
[This is generally the place to discuss formally/informally quantitative variables.  Literature shows that this is a key skill for mathematical success.  It is recommended that instructors informally guide students to:
i. Identify each quantity involved.
ii. Identify the units being used to measure the quantities
iii. Define a variable to represent each quantity
iv. Classify each as an input/output quantity
v. Express the relationship in function notation
It is best if students can intuitive/organically execute these five steps on their own, but the instructor should nudge them in the right direction if necessary.] 
d. Why is there a discrepancy between what is expected and the actual number of dice remaining after each roll?  
e. What good is the theoretical expected value if there will always be a discrepancy?  
THE FOLLOWING STEPS (f – i) ARE NOT INCLUDED IN THE STUDENT HANDOUT, BUT CAN BE DONE AS A CLASS DISCUSSION  
f. Introduce the Law of Large Numbers:  
The average of the results obtained from a large number of trials should be close to the expected value and will tend to become closer to the expected value as more trials are performed.   
g. Click on the tab “Law of Large Numbers” in the Decaying Dice Simulation Excel sheet. Click “Reset” to start the simulation. Enter in the number of dice you want to start with. Click “Add Trial” to execute an automated random trial.  Notice two new columns are added to the spread sheet: “Expected Number of Dice” and “Average Number of Dice.”  Average Number of Dice is the average number of dice among all the trials after each roll. 
h. Click “Create Graph” to get a new graph of the two new columns of data.
i. Continue to click “Add Trial” to execute more automated random trials.  Notice that the average of the number of dice after each roll should approach the expected value after each roll.  The Average Number of Dice line graph should approach the Expected Number of Dice line graph as new trials are being added.

   12.  Follow-up questions:
a. What would the formula for a model be if after each roll you removed all dice that displayed either 1 or 2?


b. What would the formula for a model be if 20-sided dice was used?


c.  Going backwards:  Let’s say that the expected number of dice model was: 

Where  is the initial number of dice and is the expected number of dice remaining after  rolls. Can you come up with a rule for removing dice that would have this model?
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